Abstract. In this paper we show that every conjugation C on the Hardy-Hilbert space H 2 is of type C = T * C 1 T , where T is an topological linear isomorphism and C 1 f (z) = f (z), with f ∈ H 2 . Moreover, we give a necessary and sufficient condition for two conjugations of a complex symmetric symmetric Toeplitz operator to be commutative.
Introduction
Let L (H) be the space of bounded linear operators on a separable Hilbert space H. A conjugation C on H is an antilinear operator C : H → H such that C 2 = I and Cf, Cg = g, f , for all f, g ∈ H. It is well known that, given a conjugation C, there exists an orthonormal basis {e n } ∞ n=0 for H such that Ce n = e n . An operator T ∈ L (H) is said to be complex symmetric if there exists a conjugation C on H such that CT = T * C (we will often say that T is C-symmetric). The complex symmetric operators class was initially addressed by Garcia and Putinar [3, 4] and includes the normal operators, Hankel operators and Volterra integration operators.
Let L 2 be the Hilbert space on the unit circle T and let L ∞ be the Banach space of all essentially bounded functions on T. It is known that {e n (z) := z n : n ∈ Z} is an orthonormal basis for L 2 . The Hardy-Hilbert space, denoted by H 2 , consists of all analytic functions f (z) = ∞ n=0 a n z n such that
is the orthogonal projection. The concept of Toeplitz operators was initiated by Brown and Halmos [1] and generalizes the concept of Toeplitz matrices.
In [5] , Guo and Zhu raised the question of characterizing complex symmetric Toeplitz operators on H 2 in the unit disk. In order to obtain such characterization, Ko and Lee [6] introduced the family of conjugations C µ,λ :
with µ, λ ∈ T In this paper, we consider the family of conjugations given by Ko and Lee taking C λ f (z) := f (λz) in place of C µ,λ .
Results
Our objective in this paper is to study relations between an arbitrary conjugation C on H 2 and the conjugation C 1 f (z) = f (z). As expected, we see a close relationship between conjugations of H 2 and conjugation C 1 .
Theorem 2.1. If C is an conjugation on H 2 , then exists an linear isomorphism T :
Proof. Since C is an conjugation, there exists an orthonormal basis β ′ = {f n } ∞ n=0 of H 2 such that Cf n = f n . By other hand, consider β = {e n } ∞ n=0 the orthonormal basis of H 2 given by e n (z) = z n . Consider the topological linear isomorphism T :
a n e n .
Note that T f n = e n , for all n ≥ 0 and that, given f (z) = ∞ n=0 a n e n ∈ H 2 , we get
The reciprocal of the previous theorem is true in some cases, namely:
Proof. It is easy to see that C is an antilinear operator. Now, since T maps orthonormal basis into orthonormal basis of H 2 , we have that T −1 = T * . Thus, considering {e n (z) = z n : n ≥ 0} the canonical basis of H 2 , we have
= T e m , T e n = e m , T * T e n = e m , e n .
By other hand, once C
Observe that, if T φ is Csymmetric, since the operator T of previous theorem is unitary, we have
therefore the operator T 2 := T T φ T * is C 1 -symmetric. This shows that T φ and T 2 are unitarily equivalent operators. Moreover, is obvious that, if T commutes with C 1 or C, then C = C 1 .
Then A is C 1 -symmetric if, and only if, the matrix of A with respect the canonical basis of H 2 is symmetric.
Moreover, by previous theorem there exists an isomorphism T on H 2 such that T C 1 = C 1 T. Consider β = {e n } ∞ n=0 and β ′ = {f n } ∞ n=0 orthonormal basis of H 2 such that T f n = e n and C 1 f n = f n . Thus, we must C 1 e n = C 1 (T f n ) = T C 1 (f n ) = T f n = e n , that is C 1 e n = e n , ∀n ≥ 0. Therefore, we have Ae n , e m = C 1 e m , C 1 Ae n = e m , A * C 1 e n = Ae m , C 1 e n = Ae m , e n ,
Reciprocally, suppose that A is C-symmetric such that Ce n = e n . By previous theorem, T C = C 1 T and T e n = e n . Hence, T is the identity operator and so C = C 1 . Now, we get a relationship between two conjugations of the same operator.
Theorem 2.5. If T : H → H is C and J-simmetric and CJ = JC, then CT = T * J.
Proof. Consider {f n } ∞ n=1 and {g n } ∞ n=1 as orthonormal basis of H such that Cf n = f n and Jg n = g n .
Note that
and so T * J = CT C. Therefore,
Remark 2.6. Take β = {f n } as in previous theorem. Once CT * = T J, we have
and so
Note that T φ is C 1 and C −1 -symmetric and moreover C 1 commutes with C −1 . Therefore,
The reciprocal of Theorem 2.5 is true when T is injective. 
